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Abstract

We present Hintikka games for formulae of the proba-
bilistic temporal logic PCTL and countable labeled Markov
chains as models, giving an operational account of the de-
notational semantics of PCTL on such models. Winning
strategies have a decent degree of compositionality in the
parse tree of a PCTL formula and express the precise evi-
dence for truth or falsity of a PCTL formula.

We also prove the existence of monotone winning strate-
gies that are almost finitely representable. Thus this work
serves as a foundation for witness and counterexample gen-
eration in probabilistic model checking through games.

This work is also of independent interest as it displays
a subtle interplay between Biichi acceptance conditions on
infinite plays, the strictness or non-strictness of probabil-
ity thresholds in Strong and Weak Until PCTL formulae in
“GreaterThan” normal form, and a finite-state approxima-
tion lemma for Strong Until formulae with strict thresholds.

1 Introduction

Countable labeled Markov chains [8, 3] are an impor-
tant class of stochastic processes for the modeling of proba-
bilistic systems. PCTL [6] is a probabilistic temporal logic
whose formulae ¢ can express practically relevant speci-
fications, e.g. “with probability at least 1 — 1/100, a de-
vice will be elected leader” may be a requirement within a
telecommunications standard such as [1], and can be writ-
ten as [tt UsomeleaderElected]>;_;/109 in PCTL. A de-
notational semantics |¢[ s over labeled Markov chains M
then renders truth or falsity of ¢, where [@]as is the set of
states in M at which ¢ is true.

Efficient algorithms exist that compute, over a finite-
state labeled Markov chain, the set of states that satisfy
a given PCTL formula (e.g. the ones implemented in the
probabilistic model checker PRISM [10]). A specifier, how-
ever, may need more information than just knowledge of
that set. The specifier may want to understand why a par-
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ticular state or set of states of interest is in that set, and any
such information may be seen as evidence or diagnostics of
truth. Equally, the specifier may be interested in compre-
hending why a particular state is not in that set, and any
such information would now be evidence for falsity. In this
paper we mean to provide a mathematical formalism that
caters for just that: a precise operational account of truth
and falsity of PCTL formulae, expressed in a manner that
is explorable step by step by humans and machines alike.
The formalism we suggest is that of Hintikka games, played
between two players Verifier and Refuter, and their notion
of strategy for these players. The appeal of these games
is that truth amounts to the existence of a winning strategy
for Verifier, whereas falsity is captured by the existence of
a winning strategy for Refuter. Such Hintikka games for
PCTL over labeled Markov chains are meant to establish
firm foundations on which questions about the existence
and computation of finitary evidence of truth and falsity of
PCTL formulae can be phrased, studied, and evaluated.

We now sketch the idea behind Hintikka games [7]. The
semantics of first-order logic over models is defined as a
Tarskian notion of truth: |= is a formally defined predicate
between models and formulae of first-order logic and “prop-
erty ¢ is true in model M™ is defined as “predicate M |= ¢
holds”. For each model M, a Hintikka game G(M, ¢) in-
volves two players, Verifier (who wants to prove that M
satisfies ¢) and Refuter (who wants to prove that M does
not satisfy ¢). For example, in game G(M, ¢1 A ¢2) Re-
futer has initial control and chooses a move to the continu-
ation game G(M, ¢1) or a move to the continuation game
G(M, ¢2). So Refuter is a “universal” player. Dually, in
game G(M,3x ¢), Verifier is in initial control, chooses an
element a of the structure in M, binds x to a, and moves to
the continuation game G(M [z — a], ¢) for the model that
is M but with x interpreted as a. So Verifier is an “existen-
tial” player. Sequences of such moves always generate fi-
nite plays since the continuation games involve proper sub-
formulae. Eventually, a game of form G(M, R(t1,...,t2))
is reached for nary relation symbol R and terms ¢;. Veri-
fier wins that game if the interpretation of the tuple of terms
in M is contained in the interpretation of relation R in M;



otherwise Refuter wins.

Strategies for both players are objects that allow them
to make necessary choices for determining continuation
games. For example, Verifier needs to make choices at dis-
junctions and existential quantifiers. A strategy o is win-
ning for a player if all plays played according to the choices
offered by strategy o are won by that player. Since all plays
for first-order logic are finite, classical game theory guaran-
tees that games G(M, ¢) are determined: exactly one of the
two players has a winning strategy for that game. It is well
known that in ordinary set theory ZF the assumption of the
Axiom of Choice is equivalent to that

(Correspondence) “Verifier wins game G(M, ¢)
if, and only if, predicate M |= ¢ holds™.

holds. So one gets an operational and “small-step” account
of truth in first-order logic from the Axiom of Choice.

In this paper we also rely on the Axiom of Choice in
proving (Correspondence) in our setting of PCTL and
countable labeled Markov chains. This dependency appears
to vanish for finite-state models and for PCTL formulae
whose threshold types and controlling player satisfy simple
consistency conditions developed in this paper. The latter
is of interest since any PCTL formula can be rewritten with
the help of small perturbations of thresholds that won’t di-
minish their practical value to specifiers but that establishes,
in some cases, said consistency conditions.

Our games retain the idea of Verifier and Refuter as be-
ing existential and universal players (respectively), and of
both having to make choices of either sub-formulae or of
structural elements, which for PCTL turn out to be sub-
distributions that approximate transition distributions in la-
beled Markov chains.

QOutline of paper. In Section 2 we review the familiar deno-
tational semantics of PCTL for countable labeled Markov
chains as models, and prove a finite-state approximation
lemma for (strong) Until formulae with non-strict thresh-
olds under that semantics. In Section 3 the game semantics
for PCTL over countable labeled Markov chains is being
defined and these games are shown to be determined and
to capture precisely the denotational semantics of PCTL. In
Section 4 we discuss what structural properties one may as-
sume in winning strategies for our games. A discussion of
the relevance of our results to finding finite representations
of winning strategies is contained in Section 5. In Section 6
we discuss related work, and we conclude in Section 7.

2 Preliminaries

(Countable) Labeled Markov chains M over a set of
atomic propositions AP are triples (S, P, L), where S is

a countable set of states, P: S x S — [0,1] is a count-
able stochastic matrix such that the countable sum of non-
negative reals ) .o P(s,s’) convergesto 1 forall s € S,
and L: AP — P(S) is a labeling function where L(q) is
the set of states at which atomic proposition g is true. We
say that M is finitely branching iff for all s € S the set
{s € S| P(s,s') > 0} is finite. A path 7 from state s
in M is an infinite sequence of states sps; ... with sg = s
and P(s;,s;41) > Oforall¢ > 0. For Y C S, we write
P(s,Y) as a shorthand for the (possibly infinite but well
defined) sum ),y P(s,s’).

The syntax of PCTL is given in Fig. 1. Path formulae
a are wrapping PCTL formulae into “LTL” operators for
Next, (strong) Until, and Weak Until. Path formulae are
interpreted as predicates over paths of M. The semantics is
defined as usual: a path 7 = sgs7 ... satisfies

o Xoiffs; € ﬂ(bﬂM

o pU=Fyiffthereisal € Nsuchthat! < k,s; € |¢]um
and for all 0 < j < [ we have s; € [¢|m

e oW =Fq)iff forall I € N such that 0 < [ < k we have
either s; € [@]as orthereis 0 < j < lwiths; € [¢[n

Until formulae ¢ U =¥ are strong untils since paths that
satisfy such a formula have to maintain temporary invari-
ant ¢ until they reach a state satisfying v, and such a state
has to be reached within finite transitions, and also within
k transitions if k& # oo. Weak Until formulae ¢ W <1/ are
weak untils since reaching a state satisfying ¢/ is optional
if ¢ is an invariant on the path sgs . .. si, which is under-
stood to be m when k = oo. The value k = oo is being used
to express unbounded untils, whereas & € N expresses a
proper step bound on untils. We write ¢ U %) as a shorthand
for ¢ U =>4, ¢ W ¢} as shorthand for ¢ W <>, and record
the familiar duality between (strong) Until and Weak Until:

~(@Uy) = (=)W (=g A ) (1)

PCTL formulae wrap path formulae with probability thresh-
olds (turning predicates on paths into predicates on states),
and may add a propositional logic layer on top of that,
which may then be used to build up new Path formulae. The
operators V (disjunction) and — (implication) are derived
as usual. Let ff be an abbreviation for any [a]~1, and tt de-
notes any [a]>¢. For labeled Markov chain M = (S, P, L),
the denotational semantics of PCTL formula ¢ is a subset
lo[ar of S. We write |¢[ if M is clear from the context and
define |¢| by structural induction, as usual:

lal = L(q) lo Al =9l N Y]
[=¢] = S\ 9]

where Prob (s, «) is the probability of the measurable set
Path (s, «) of paths in M that begin in s and satisfy the

llalsp] = {s € S| Proba (s, ) b p}
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Figure 1. Syntax of PCTL, where q € AP, k €
NU{ooch,pe[0,1],andx € {<, <, >, >}

path formula o. The measure space of path sets is generated
from cylinder path sets in the standard fashion [8]. Note that
the semantics of PCTL and Path formulae is mutually recur-
sive, reflecting the mutual recursion of their syntax. We say
that PCTL formulae ¢ and v are semantically equivalent iff
for all labeled Markov chains M we have [¢]a = [¢] -

Example 1 For the labeled Markov chain M in Figure 2
we have [[qUr]>1/2[nm = {s0,s1} and for the labeled
Markov chain M3° in Figure 3 we have [[qW 7]>5/9|m =
{50, $051,505151,S050, 505051, 805050}.

Each PCTL formula ¢ is semantically equivalent to a
PCTL formula in “GreaterThan” normal form obtained
by replacing all occurrences of the form [a]<, in ¢ with
the PCTL formula —[a]>,, and by replacing any oc-
currences of the form [a]<, in ¢ with the PCTL for-
mula —[a]s,. For example, the “GreaterThan” nor-
mal form of the formula [[X[qUr].1/3]<1/2Ur]51/4 is
[F[X=[qU7r]>1/3]51/2 UT]sq )4

Assumption 1 (GreaterThan) Without loss of generality,
PCTL of Fig. 1 is restricted tor< € {>,>}.

We now state and prove a finite-state approximation lemma
for the validity of Until formulae with non-strict probability
thresholds at states of labeled Markov chains. This lemma
will be crucial in proving that our game semantics of PCTL,
developed in Section 3, captures exactly the denotational
semantics we defined above.

Definition 1 (Finite Unfoldings) Let M = (S, P, L) be a
labeled Markov chain. For each i € N and so € S we
define the labeled Markov chain M;® = (S;, P;, L;), a ran-
dom tree with root sg: unfold M from sq as a full tree of
depth i, where edges have positive probability according to
P. This may duplicate states but such duplicates will sat-
isfy the same atomic propositions. States at level i have
a self-loop with probability 1. The probability measures
P(s,-) at levels < i are those in M. For each j € N we
restrict M;° to the finite-branching, and so finite-state, la-
beled Markov chain M} = (S; j, P; j, L; j) with one ad-
ditional state tgn which satisfies tt but no other ¢ € AP:

S

Figure 2. Labeled Markov chain M with s, €
llgUr]>1/2]as, Since Probys(so,qUr) = 1/2.

i
SelsiSiS

Figure 3. Unfolding 1/;° of the labeled Markov
chain of Figure 2 up to depth two.

foreach s € S;, let t1,ta, ... be an enumeration of {t;, €
Si | P(s,tr) > 0} such that P(s,t) > P(s,tp4+1) for all
k € N, then P; ; is obtained from P; by setting P; ;(s,t) =
Py(s,tx) fork < j, P; j(s,tsnk) = 1 =57 _, Pi (s, t) and
P; j(tsink, tsink) = 1, state set S; j consists of those s reach-
able from sq via P; j, and L; j is L; restricted to set S; j
and extended to the new state tgjyx.

Example 2 The unfolding M° for the labeled Markov
chain M of Figure 2 is depicted in Figure 3.

Lemma 1 (Finite-State Approximation) Let M be a la-
beled Markov chain (S, P, L), let q,r € AP, and p € [0, 1].
Then s € [[qUr]>pla iff for all n € N there are k,1 € N
with s € [[qUr]>p—1/nlnrg -

Example 3 Consider the labeled Markov chain in Fig. 2.
Probability Proby(so,qUr) = 1/2 is attained by paths
of increasing length, as the value of the infinite sum
¥22,(1/3)7. However, for every n € N there exists some
i € N such that X_,(1/3)) > 1/2 — 1/n and where that
finite sum is attainable in a finite unfolding of M. For ex-
ample, for M3° in Fig. 3 the probability of ¢Ur at sg is %
so for every n < 18 we have so € [[qUr]>1/2-1/n]asz0-



In Mj° the probability of ¢Ur at sg is % and so for ev-
eryn < 54 we have so € [[pUq]>1/2-1/n[rs20. Lemma 1
promises that for every (countable) labeled Markov chain
there is a similar approximation.

Lemma 1 has a dual version, required in the proof of
Theorem 1: for labeled Markov chain M = (S, P, L),
¢,r € AP, and p € [0,1]: s & [[gWr]sp]a iff for all
n € Nthereare k, 1 € Nwith s € [[qWr]>py1/nlasg -

3 Game semantics

Let M = (S, P, L) be a labeled Markov chain over set
of atomic propositions AP. For each state s € S and PCTL
formula ¢ we define a 2-person Hintikka game Gyz(s, ¢).
As already mentioned, these games are played between two
players V (the Verifier) and R (the Refuter). After having
defined these games and their winning conditions, we show
that each game Gy (s, @) is won by player Viff s € |¢]as;
and won by player Riff s € |¢[ . In particular, each game
Gz (s, @) is determined, exactly one of the players V and R
wins that game.

The game Gy (s, ¢) has as set of configurations

Chu(s,¢) = {(s',4,C) | s € S, ¥ € cl(), C € {R,V}}

where we define the set of PCTL formulae cl(¢), the closure
of ¢, below. Plays in game Gj/(s, ¢) are finite or infinite
sequences of elements in Cfjy/ (s, ¢) starting in the distin-
guished initial configuration (s, ¢, V). A play is generated
by game moves, specified in detail below.

Our game semantics treats Boolean connectives in the
same manner as Hintikka games for first-order logic (here
we take the point of view of Verifier): proving truth of for-
mula ¢ at state s amounts to winning the game from config-
uration (s, ¢, V). In order to prove a conjunction we allow
Refuter to choose which branch of the conjunction to prove.
In order to handle negation, the game continues in the same
state but with the unnegated formula and a swap of the role
of players, thus attempting to show that Refuter cannot win
from the unnegated formula.

In games for branching-time logics such as CTL or the -
calculus (see e.g. [13]), the universal quantification in V X
is resolved by Refuter’s choice of a successor state; and the
existential quantification in 3 X is resolved by Verifier sup-
plying one successor state, both as familiar from the case of
quantifiers in first-order logic. For PCTL, however, things
are more complicated. The next operator [ X ¢]., includes
a promised probability > p, “at least p” or “more than p”.
Verifier now resolves this “probabilistic quantification” by
showing how to re-distribute the required probability be-
tween the successors of the state.

In qualitative games, until operators are resolved by us-
ing the logical equivalence qUr = 7V (g A X(qUr)) -
and similarly for weak until operators. The only problem

in adopting this for PCTL is in the possibility of deferring
promises forever. For games in qualitative settings this is
typically handled by fairness, but for PCTL fairness is not
strong enough:

Example 4 PCTL formula [qUr|>1 /o holds at state sq in
the labeled Markov chain shown in Figure 2. But in order
to prove this we have to appeal to the entire infinite sum
$2°,(1/3)%. Any fairness constraint forcing a transition
from sq into {s1,s2} would cut that infinite sum down to
a finite one, failing to prove that formula for state s.

However, allowing to defer the satisfaction of the strong
until indefinitely is unsound. The PCTL formula [qUr]s 5
does not hold at sg but allowing Verifier to delay promises
forever may be unsound, e.g., Verifier could supply the
promise 1/3 immediately, promising more than 1/6 in the
future, and then — by deferring the promise indefinitely —
Verifier could win game Gy (so, [qU r]>0.5).

To address this problem we add a special e-move as well
as acceptance conditions for infinite plays. If the probabil-
ity is at least p, player V should be able to prove that it is
greater than p — € for every ¢ > (0. On the other hand, if
the probability is strictly less than p then there exists an ¢
for which it is at most p — €. Thus, player R chooses the ¢
and player V proves in finite time (appealing to Lemma 1)
that she can get as close as needed to the bound. The same
intuition (but dual) works for Weak Until, when the Weak
Until formula in question does not hold.

We next define the notion of the closure cl(¢) of a PCTL
formula ¢, which is the union of two sets of PCTL formulae.
The first set cly(¢) is the actual set of sub-PCTL-formulae
of ¢, including ¢ itself. The second set cla(¢) consists of
all formulae [&]qp such that either

(@) a is Y1 Uhg, 1 is >, and for some p € [0,1] and
> € {>,>} we have [a]wp € cli(@),

(b) « is Y1 Wabs, < is >, and for some p € [0,1] and
' € {>,>} we have [&]pp € cli(¢),

(¢) «is ¥y U=F 4y and for some p € [0,1] and a finite
k > k' we have [t U =Feh]q, € cli(6),

(d) o is Y1 W =F4), and for some p € [0,1] and a finite
k > k' we have [ U ZF4ho]y, € cli (o)

The second set cla(¢) allows us to replace any probability
thresholds p with other values p’ € [0,1] and finite time
bounds with smaller ones, but to allow this in such a manner
that it is consistent with the above intuition behind e-moves:

e (strong) Until formulae with non-strict bounds may
change to (strong) Until formulae with strict bounds

e Weak Until formulae with strict bounds may change to
Weak Until formulae with non-strict bounds, and



e the finite time bounds in bounded untils should be al-
lowed to decrease.

The difference between the strong and weak untils stems
from their duality, the negation of a Weak Until formula is
a (strong) Until formula and vice versa as seen in (1). Thus,
a Weak Until formula with strict bound is the negation of a
(strong) Until formula with non-strict bound. When Refuter
is trying to disprove a Weak Until formula with strict bound,
she is in fact trying to prove the dual (strong) Until formula
with non-strict bound, and requires the same possible moves
for the non-strict bound and strict bound versions.

Example 5 Consider the following formula:
¢ =[(r A [X[(pA=r)W (g A=r)]21]50) W0 (2)

Intuitively, ¢ says there is an infinite path labeled by r such
that every state on this path has a successor for which pW q
holds on (almost) all paths on which r does not hold during
verification of pWq. Let « = (p A —r)W (¢ A —r), § =
Xa]so, and v = (r A [B]s0) WTF. The closure of ¢ is:

o, [’V]va ﬂ:a (7’ A [ﬁ]>0)’
[6]>0a [a]Zbﬂ (p A _|7"),
p,,r (@A), q

cl(¢) = be0,1]

As 7y appears in ¢ with a strict bound, it is in the closure of
¢ with its original bound as well as with all possible non-
strict bounds. As o appears in ¢ with a non-strict bound, it
appears in the closure of ¢ only with non-strict bounds.

Similarly, for formula ¢ = [qUr]>1 /o we have cl(¢) =
{d,q,r,[qUr]sp | b€ [0,1]}. As ¢ is a strong until with
non-strict bound it is part of cly(¢) and for every possible
bound b its strict counterpart [qU r]sy is in cla ().

Subsequently, we write !C for the player other than C, i.e.
IV =R and IR = V. The possible moves of game Gy (so, @)
are defined through the moves of games G/ (s, ¢) by struc-
tural induction on ¢ € cl(¢), simultaneously for all s € S.

M1. At configurations (s, [a]-1, C), player !C wins
M2. At configurations (s, [@]>0, C), player C wins

We may therefore assume that in subsequent moves con-
figurations of the form (s, @]y, C) never satisfy that > p
equals > 0 or > 1.

M3. At configurations (s, q, C):

- player Cwins if s € L(q)
— player IC winsif s ¢ L(q)

M4. At configuration (s, =, C), the next configuration is

<S7 ’lp7 'C>

So move M4 removes the negation from the formula but
also swaps the role of players.

M5. At configuration (s, 11 A 12, C), player !C can choose
as next configuration either (s, 11, C) or (s, ¥9, C)

So player !IC chooses a conjunct and the game continues
with that conjunct instead of the conjunction.

M6. At configuration (s, [X )]s, C), player C chooses a
subset Y C S satisfying P(s,Y) < p; then player
IC chooses some s’ € Y

- if P(s,s’) =0, player !C wins
— otherwise, P(s,s’) > 0 and the next configura-
tionis (s’,4,C)

Move M6 is well defined. There is a non-empty set Y with
P(s,Y)apasp € [0,1], P(s,-) has mass one, and i< p is
neither equal to > 1 nor to > 0.

M7. At configuration (s, [)1 U 1], C), player IC chooses
some n € N such that p — 1/n > 0 with resulting next

configuration <87 [?/11 U 2/}2]>p—1/na C>

In move M7 such a choice is possible since p cannot be
0. The intuition is that [p, 1] = [, cn(p — 1/n, 1] so this
behaves like a universal quantification over n € N.

M8. Dually, at configuration (s, [)1 W 2]+, C), now player
C chooses n € N such that p + 1/n < 1 with resulting
next configuration (s, [t)1 W 2] p11/n, C)

In move M8 such a choice is possible since p < 1. The
intuition is that a Weak Until with a > threshold is the dual
of a strong until with a > threshold (based on (1)), so it is
like an existential quantification over n € N.

M9. At configuration (s, [¢]sp, C) Where either ais 91 U 1o
and is >; or ais 1 W ihg and i is >

— player C is able to move to next configuration
<5a 1/12, C>

— if player C did not move, player !C is able to move
to next configuration (s, 1, C)

— if neither player moved above, the play must pro-
ceed as follows:

Player C chooses a sub-distribution d: S —
[0, 1] such that

dds)>0 & Y ds) >p 3)

s'eS s'eS
Vs' € S:d(s") < P(s,s) 4)

Next, player !C chooses some state s’ € S
with d(s’) > 0 and the next configuration is

<S/7 [a]md(s/}P(s,s’)*l ) C>-



In move M9, sub-distribution d has positive mass, approxi-
mates the probability distribution P(s, -), and specifies the
re-distribution of promise I p into promised probabili-
ties at successor states. Since d(s’) > 0, we also have
0 < d(s') - P(s,s')~! < 1in move M9 by (4).

M10. At configuration (s, [a]sp,C) where « is either
by U =Fahy or iy W SFepy with k € N:

— if k = 0 and « is 11 U =F4)y, the next configura-
tion is (s, 9, C)

— ifk = 0and aris 101 W =Fa)s, player C chooses as
next configuration either (s, 41, C) or (s, 12, C)

— if £ > 0, the moves are defined as in M9 above;
except when the last item of M9 applies, in which
case the counter k in «v is decreased to k — 1 for
that next configuration (s’, [a]sqa(s'). p(s,s) -1, C)

In move M10, a Bounded Until with bound O has to realize
1o right away; and a Bounded Weak Until with bound zero
has to realize at least one of ¢/, or ¥, right away.

A finite play is won as explained in M1-M10 above. In
most moves, the play either ends or moves to configurations
where the formula is a proper sub-formula in the closure.
In a configuration with strong until with non-strict bound or
weak until with strict bound the next configuration changes
from non-strict to strict bound or vice versa. In a configu-
ration with strong until with strict bound or weak until with
non-strict bound the next configuration has the same path
formula and threshold type, or has a proper sub-formula.

It follows that every infinite play ends with an infinite
suffix of configurations that are

Al. all of the form (s;, [t)1 W 2]>p,, C) or
A2. all of the form (s;, [¢1 U2]syp,, C)

Configurations of these suffixes are either labeled by
strong until with strict bound or weak until with non-strict
bound, where the states and the exact probability bound
may still change, but where neither the player C nor the sub-
formulae 1, and v change.

Definition 2 (Acceptance conditions) Player V wins all
infinite plays with an infinite suffix either of type Al above
with C =V, or of type A2 above with C = R. Player R wins
all other infinite plays: those with an infinite suffix either of
type Al when C = R, or of type A2 when C = V.

These are Biichi type acceptance conditions, and so our
games are known to be determined [11]. We use the no-
tion of strategy for player C informally. But such strategies
contain, for each configuration of a game, at most one set of
choices as required by the applicable move from M1-M10.

Example 6 Consider the game Gy (so,[qUr]>1/2), where
M is as in Fig. 2, and let « = qU . The initial configura-
tionis (o, []>1/2, V). In the first move player R chooses an
n € N and the next configuration is (so, [a|s1/2-1/n, V).
Then, as long as the play T'gI'1 ... remains in config-
urations T'; of the form (so,[a]sp,,V), player V is go-
ing to choose the sub-distribution d with constant values
d(s2) = 0 and d(s1) = % — 5, and dynamic value
d(so) = pi — d(s1). A simple calculation shows that as
long as player R chooses s as the next state (clearly, if she
chooses s1 she is going to lose as s1 € L(r)) the promised
probability > p; is going to decrease according to the fol-
lowing sequence: py = % — % p1 = % — 2—n P2 = % — %
p3 = % — 21—2 and in general p; = % — 3ZL—ZBfori e N.
Whenever p; decreases below % (and there is some i € N for
which this happens), player V still chooses d with d(s2) = 0
as above but now defines d(s1) = p; and d(so) = 0, thereby
forcing player R to move to s1 and lose. This describes a

winning strategy for player V in game G (o, [qUr]>1/2).

Example 7 Although the choice of d in Example 6 may
seem arbitrary, it meshes well with the use of Lemma 1.
Consider again the game Gy (so, [a]>1/2) from Example 6.
Suppose that in the first move player R chooses 9 € N,
and the next configuration is (so, [a]~7/15,V). Since for
the M3° in Figure 3, Proby o (so, ) = 2 > L player
V can use M3° to guide her choices. In M3° we have
Probyzo (sos1, &) = 1 and Proby =0 (sos0, o) = 1. Player
V uses the gap of % and re-distributes it between the suc-
cessors of so. She can choose, for example, d(s1) = % — 5—14
and d(sp) = % - 5%1. The next possible configurations are
then (s1, [a]s17/18, V) and (so, [a]>5/18, V). Player V iden-
tifies the resulting states with those obtained in M°, here
sgs1 and sgsq (respectively). As sgs1 € |]r|]M§o the first
is clearly a winning configuration. From (so,[a]s5/18,V)
and the corresponding location sgsg in My°, player V no-
tices that Prob s (sosos1, &) = 1 and chooses d(s1) =
5/18. The next configuration is (s1, (]~ 15,18, V) (with cor-
responding sosos1 in M3°) and won by supplying r.

Definition3 /. A strategy o for player C in game
G (s, @) is winning from a configuration T' in that
game iff player C wins all plays beginning in configu-
ration I when player C plays according to his strategy
o — regardless of how player \C plays.

2. Player C wins game Gy (s, @) iff player C has a strat-
egy that is winning from configuration (s, ¢, V).

We can now formalize our main result that the denota-
tional semantics of PCTL is captured exactly by the exis-
tence of winning strategies in games Gz (s, ¢).



Theorem 1 Let M = (S, P, L) be a labeled Markov chain
over AP, s € S, and ¢ a PCTL formula. Then we have:

1. s € || iff player V wins game Gpy(s, &)
2. s & |Plas iff player R wins game Gz (s, @).
In particular, game Gy (s, @) is determined.

Sketch of Proof: Given PCTL formula ¢, both items
are shown by structural induction on PCTL formulae ¢ in
the closure of ¢, simultaneously on all states of M. As
exactly one of s € |¢[ar and s & 1] ar holds, it suffices to
show both items in Theorem 1 for such 7 in their “only if”
versions, which consists of six cases. We illustrate the most
interesting case here, when ¢ equals [«].qp, Where either

(a) avis Py Uahg and xiis >
(b) ais ¥y Wahy and 1 is > or

(€) avis 1y USFepy or o1 W =Fehy with k& € N and < is
either > or >:

We show for all three cases above that (#1) s € [¢[ar
implies player V wins game G/ (s, ¢) and (#2) s € [o[nr
implies player R wins game Gz(s, ¢).

(#1) First, let s € [p]ar. The formula « is logically
equivalent to 12 V (¢1 A X ) and in case that «v is bounded
the bound decreases by 1. It follows that it is either the
case that s € |ta]ar or s € |01 A [X@]saplas. In the first
case, player V chooses to move to configuration (s, 1, V)
and by induction she has a winning strategy from this con-
figuration. In the second case, by induction there is a win-
ning strategy for player V from configuration (s, 11, V), so if
player R chooses to go to this configuration, player V wins.
If player R does not move to 1, then M9 demands that
player V chooses a sub-distribution d : S — [0, 1] satisfy-
ing (3)-(4). By assumption s € [[X a]sqp[ar- Let T be the
set of states ¢ such that Proby/ (¢, ) > 0 and P(s,t) > 0.
We choose d such that d(s’) = 0forall s € S\ T.

So it suffices to specify d on set T. For that, let p’ =
SierP(s,t) - Proby(t, «).

e Consider the case that > is >. By assumption p’ >
p. In the case that p = 0, we choose some state
t € T such that Prob/(t,«) > 0, we set d(t) =
Proby (t, ) - P(s,t), and d(t') = 0 for all ¢/ # t.
In the case that p > 0, let § be p’ — p. We are going to
distribute this gap 0 between all the states in 7" accord-
ing to the distribution P(s, ). Thatis, forallt € T

d(t) = max(0, (Probas (¢, ) — §) - P(s,1))

In case that Prob,/ (¢, ) < ¢ we thus have d(t) = 0
(and so effectively remove ¢ from set 1" above). As

p' = BiesProbys(t,a)P(s,t) and p > 0 there must
be at least one state ¢ such that Proby(t,a) > p’ and
hence Proby (t,a) — 6 > 0, implying d(¢) > 0. It
follows that Xyc7d(t) > p' — 6 > p.

e Consider the case that < is >. By assumption p’ > p.
Letdbep’ — p. Forallt € T, let

d(t) = max(0, Probps (¢, ) — § - P(s,t))

If Proby(t, o) < 4, set d(t) = 0. This completes the
specification of sub-distribution d chosen by player V.

Now regardless of the choice of player R, the next config-
uration is (¢, [)oqp, V) such that ¢ € |[a]sqp [as. So player
V maintains the truth value of the configuration. Notice that
also the distance from the promised bound p’ and the real
probability is being maintained.

Case (a): For (strong) Until, we appeal to Lemma 1. We
treat sub-formulae 11 and )2 as propositions (respectively,
the ¢ and r in that lemma) and annotate states of M by 1,
and 19. Let p’ = Probys (s, 11 Us). By assumption p’ >
p. In particular, s € 1)1 Uta]>p [ar. Let n € N be such
thatp’ > p’ —1/n > p. By Lemma 1 (applied to p’ instead
of p), there are k,l > 0 with s € [[¢1 U w2]>p/,1/n|]M£J
and so the probability of 1) U ¢y in M}, at s is greater than
p. Player V’s strategy is to consider this system M k- She
chooses sub-distributions d: S — [0, 1] according to the
probabilities Probas; (¢, ) (instead of Proby (¢, o) but as
explained above). By definition of M, there can be only
finite sequences of configurations of the form (s’, [a]~p, V),
and so player V wins (cf. Example 7).

Case (b): For Weak Until 101 W 1), all infinite plays have
a suffix of configurations of form (s’, [{); W )2]>,, V) and
are thus winning for player V. Finite plays again reach con-
figurations of the form (s’,;, V) fori € {1, 2}, where in-
duction applies directly.

Case (c): For bounded operators, as the bound decreases,
in a finite number of steps the play moves to configurations
of the form (s’,;, V) for ¢ € {1,2}, where induction ap-
plies directly, and in the desired manner.

(#2) Let s & |@]ar. It follows that Proby(s,a) < pin
case that < is >; and Proba(s, ) < p in case that > is
>. As above, « is logically equivalent to 12 V (101 A X )
and in case that « is bounded the bound decreases by 1. It
follows that s ¢ [)2]as and hence there is a winning strat-
egy for player R from configuration (s, 12, V). Also, it is
either the case that s & [¢1]ar or s & [[ X &]sap[as- In the
first case player R has a winning strategy from configura-
tion (s, v1, V) and chooses this configuration. In the second
case, player V chooses a sub-distribution d: S — [0, 1] such
that (3)-(4) hold.

We claim that there is some s’ € S with d(s") > 0 and
Probys(s’, @) v d(s')P(s,s')~L. Proof by contradiction:



otherwise, Proby(s', ) a1 d(s") for all 8" with d(s’) > 0
implies that

Z Prob (s, ) b Z d(sy >p

s'|d(s")>0 s’eS

by (3). But this renders

Z Proby(s', ) > p

s'ld(s")>0

which directly contradicts s & [ X &]ap| s

Thus, player R can choose such an s’ and maintain the
play in configurations of the form (s’, [a]sq,, V) such that
s" & [[c]oap | a1 Notice that player R can choose a succes-
sor s” such that

p’ — Probp(s’,a) > p — Probp (s, @)

i.e., the gap between the promise and the actual probability
does not decrease.

We now study the consequences of this capability of
player R for the different forms of path formula a:

Case (a): For Weak Until formulae, we appeal to the
dual of Lemma 1. As before, we treat 1)1 and o as
propositions and annotate states of M by them. Let p’ =
Probas (s, 11 Wbs). By assumption p’ < p. In partic-
ular, s ¢ [[Y1 Waba]sp[m. Let n € N be such that
p < p+1/n < p. By the dual of Lemma 1 there
are k,l > 0 with s ¢ [[1h1 Wha]>pi1/n[ar;, and so
the probability of 1 Wy in M, at s is less than p.
Player R’s strategy is to consider this system M, ri- Let
d: S — [0,1] be the sub-distribution chosen by player V.
As s ¢ [[1 Who]>p s, there is some s’ € S such that

k.l
s" ¢ [[1 Weba]>a(sy ps,) - ”Mii,z' So player R chooses
this s’. By definition of M, %, there can be only finite se-
quence of configuration of the form (s, [a]>p, V), and so
player R wins. This is dual to the strategy depicted for V in
Example 7.

Case (b): For (strong) Until formulae, infinite plays
of configurations of the form (s’, [t)1 U 3]sy, V) are win-
ning for player R by the winning conditions for infinite
plays. Any finite play reduces to configurations of the form
(s’ 1;,V) for i € {1,2}, where induction applies directly,
and in the desired manner.

Case (c): For bounded operators, as the bound decreases,
in a finite number of steps the play moves to configurations
of the form (s’,4;,V) for ¢ € {1,2} and so player R wins
by induction. O

Game Gy (s, ¢) is defined such that its initial configura-
tion (s, ¢, V) is owned by player V. We can define a dual
game with the same moves but with initial configuration
(s, ¢,R). Theorem 1 and its proof then remain to be valid if
we swap the role of players in both.

Example 8 Consider game Gy (so, [qU7]s1/2), where M
is as in Fig. 2, and let « = qUr. From configuration
(50, [a]>1/2,V), player V. won’t move to (sq,,V) as she
would then lose. For the same reason, player R won’t move
to (so, q, V). So if both players play strategies that are "op-
timal’ for them, player V has to choose a sub-distribution d
at the initial configuration.

If d(s2) > 0, player V loses as player R can then choose
s9. So d(s2) = 0 for any ’optimal’ strategy of player V.
But both d(s1) and d(sg) have to be positive since oth-
erwise the mass of d can be at most 1/3 by (4), which
would violate (3). Since player V plays an ’optimal’ strat-
egy, d(s1) # 1/3, as otherwise player R could choose as
next configuration (s1, [ (1/3).(1/3)-1, V) and would then
win by move M1. By (4) there is therefore ¢ > 0 such that
d(s1) = 1/3 — e. In particular, player R won't choose s1
as she would lose the next configuration (s1,[a]>1-3¢, V)
(since s; € L(r)). So player R chooses sy and the next con-
figuration is (so, [a]>34(s), V). By (3), 3d(so) must be at
least 1/2 + 3e and so player V promises more in > 3d(so)
than she promised in the previous configuration.

At configuration (so, []>34(s,), V), player V avoids los-
ing only by choosing a sub-distribution d that maps sg to
0 and all other states to positive mass as before, and for
the same reasons. Similarly, d(s1) < 1/3 has to hold.
So although a new function d with a new value of € may
be chosen, the next configuration is still of the same type
(50, [@]>pr, V) with p' > 1/2. Thus, either the play is finite
and so lost for player V as described above; or the play is
infinite and so lost for player V by the acceptance conditions
Al on infinite plays.

We conclude that player R wins that game. A winning
strategy for her from the initial configuration only needs to
be specified for move M9:

e player R will never choose a configuration of form
(s0,q, V), should such an opportunity arise

e whenever player V chooses sub-distribution d with
d(s2) > 0, player R will choose s3

e otherwise, it must be the case that both d(s1) and d(sz)
are positive; if d(s1) = 1/3, player R chooses s1

e ifd(s1) # 1/3, player R chooses s

4 Winning strategies

We show that when a player can win game G/ (s, ¢) she
can use winning strategies that are of a very specific type.
In addition to being memoryless in the classical sense, they
choose very structured distributions when re-visiting a state
in a configuration with a strong or weak until operator.



As before we use the notion of strategy informally. A
strategy is memoryless if the choices of its player depend
solely on the current configuration, not on the finite history
of configurations that preceded the current one in a play. In
our games, there can be configurations of type (s, [&]wp, C)
for the same state s and the same path formula « (e.g.,
11 U o) but with different bounds > p. We show that it is
enough to consider winning strategies which induce bounds
that change monotonically, as defined below. Subsequently,
for sub-distributions d, d": S — [0, 1], we write

e d < d iff forall s € S we have d'(s) < d(s)
o d <diffd <dandd'(s) < d(s)forsomes € S

For a locally monotone strategy the choice of sub-
distribution d at configuration (s, [}y, C) is monotone in
> p, regardless of the history of a play.

Definition 4 (Locally Monotone Strategies) A strategy o
Sor player C in game Gy (s, ¢) is locally monotone iff for
any two configurations (s, []sap, C) and (s, [&]sqpr, C) that
occur in plays consistent with o (but not necessarily in the
same play), where d and d’ are the sub-distributions chosen
according to o at these two configurations (respectively),
then p > p' implies d > d' and p > p' implies d > d'.

A cyclically monotone strategy is monotone on cyclic
paths within single plays: its player can force a decrease
or increase of the thresholds depending on the path formula
and on whether it is a V or R configuration.

Definition 5 (Cyclically Monotone Strategies) A strategy
o for player C in game Gy (s, @) is cyclically monotone iff
for any two configurations (s, [!]sqp, C") and (s, [@]pqpr, C’)
that occur in this order on some play consistent with o, then

e a =1 Uty andC =C imply p’ < p,

o =11 Wipyand C=C implyp’ < p,
o a =1 Utpyand!C=C implyp > p,
o a =11 Wy and |C = C" imply p’ > p.

The existence of winning strategies implies the existence
of winning strategies that are locally monotone and cycli-
cally monotone.

Theorem 2 For every game Gy (s, ¢), there exists a win-
ning strategy for player C iff there exists a memoryless win-
ning strategy for player C that is also locally monotone and
cyclically monotone.

Sketch of Proof: Assuming that there exists some win-
ning strategy for player C in game Gy;(s, ¢), it suffices to

show that a slight modification of the winning strategy syn-
thesized in the proof of Theorem 1 is memoryless, locally
monotone, and cyclically monotone. That slightly modi-
fied strategy will clearly be memoryless by construction.
The proof therefore describes this modified winning strat-
egy and first proves its local monotonicity, by induction as
in the proof of Theorem 1. Then it proves that it is cyclically
monotone. The utilized techniques are similar to those used
in the proof of Theorem 1, but cannot be demonstrated here
due to lack of space. a

Example 9 The winning strategy for Refuter in Example 8
is locally monotone as Refuter never encounters a pair of
configurations that need to be checked for local monotonic-
ity. That strategy is also cyclically monotone: From con-
figuration (so,[qUT]sp, V) the only possible cycles lead
to configurations (sg, [qUr]|s,, V). As explained already,
Verifier is restricted to d(s2) = 0 and d(s1) < 1/3 or she
loses in the next step. Letp > 1/2 and € = 1/3 — d(s1).
Then d(sg) > 1/6+(p—1/2)+e¢. Thus, in the next configu-
ration (so, [qU )]s, V) we havep’ > 1/2+3(p—1/2)+3e.
Ase > 0andp — 1/2 > 0 we have p’ > p. Finally, if
P1,P2, - .. is the sequence of bounds obtained in this man-
ner, then p; 2 — piy1 > pit1 — piforalli > 1.

5 Discussion

Table 1 summarizes which PCTL sub-formulae can al-
ways be coerced into finite plays if the winning player plays
according to a winning strategy. For example, a strong un-
til with strict bound is ensured to have a finite strategy and
explore a finite portion of the game before going to sub-
formulae, and similarly from a negated weak until with a
non-strict bound. To determine whether a PCTL formula is
won by means of such finite plays only, we can either con-
vert it into “GreaterThan” normal form and check whether
each such sub-formula has a negation polarity that corre-
sponds to the desired player in that table, or we can con-
vert it into negation normal form and interpret that table
as is on the resulting sub-formulae. For example, formula
[q U 7]50.999 A[g W r]>0.9901 is such that player V can win
be ensuring only finite plays, if she can win at all. Further-
more, if the Markov chain is infinite, the game explores only
a finite portion of it. From a practical point of view, it may
be possible to change the strictness of the bound by slightly
changing the required probabilities in the formula. Thus, an
e-correction may change a formula that does not allow finite
plays to a formula that does allow finite plays.

6 Related work

In [5] finite-state (discrete-time) labeled Markov chains
and probabilistic CTL (PCTL) are considered in their stan-



Table 1. Sub-formulae that result in finite
plays (/) or don’t (x), for which winning
player; ticks in parentheses indicate finite
plays after an initial e-correction of bounds

o [ we o]
‘ Verifier ‘ v ‘ x (v/) ‘ X ‘ X ‘ v ‘ xW) ‘
‘ Refuter ‘ X ‘ X ‘ x(v/) ‘ v ‘ X ‘ X ‘

dard semantics, and different forms of evidence being de-
veloped for documenting the falsity of a PCTL formula in a
given state. One form computes those paths that contribute
most to the falsity of a formula. Another form computes
most probable sub-trees to gain more precise diagnostic ev-
idence. Both forms, studied for Strong and Weak Until, are
supported with shortest-path type algorithms for computing
such evidence. In [2] the line of work from [5] is being
pushed into the world of Markov decision processes, with a
focus on upwards-bounded probability thresholds in PCTL
formulae — whereas we study the downwards-bounded case
without loss of generality. The shortest-path algorithms
in [2] are then combined with AND/OR trees in order to
filter the computed set of paths to one with high explana-
tory value, and to compute the probability of that filtered
path set. We hope that our Hintikka games provide a suit-
able foundation for understanding the trade-off between the
precision of extant and future forms of evidence and the
complexity of their supporting algorithms.

In [4] a quantitative u-calculus with an explicit discount
operator, and with models whose transitions are labeled
with discount factors has non-negative real numbers as re-
sults of model checks. Quantitative parity games are devel-
oped and shown to correspond to model checks for formulae
of the quantitative p-calculus. However, winning strategies
are no longer memoryless in general as they may have to
“make up” for discount factors encountered en-route in a
play — even in games with finite set of configurations.

In [12] a quantitative p-calculus (QMp) is defined over
models that contain both non-deterministic and probabilis-
tic choice but no discounting. A denotational semantics
generalizing Kozen’s familiar one [9] is given. For any
finite-state model and formula of gMyu a probabilistic ana-
logue of parity games is given, the determinacy of this game
is shown. It is also proved that its game value equals that
of the denotational semantics for the model and formula in
question and that there exist memoryless winning strategies.
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7 Conclusions

We captured the PCTL semantics over countably labeled
Markov chains through Hintikka games with Biichi accep-
tance conditions. Game moves depend on the strictness
or non-strictness of probability thresholds for path formu-
lae. Winning strategies may be assumed to be memoryless
and monotone in their choice of structural elements (here
sub-distributions). PCTL formulae in “GreaterThan” nor-
mal form that contain until operators with a certain combi-
nation of threshold type and negation polarity — statically
derived from Table 1 — have winning strategies that may be
interpreted as a finitary witness of the falsity (respectively,
truth) of the formula under consideration.
Acknowledgments. This research was in part supported
by DFG project (SFB/TR14 AVACS) and the UK EPSRC
projects Efficient Specification Pattern Library for Model Vali-
dation (EP/D50595X/1) and Complete and Efficient Checks for
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A Proofs

Proof of Lemma 1.

Consider first the case that/ is finitely branch-
ing. Recall thatPath(s,qUr) denotes the set of paths
beginning in s that satisfyqUr. Let Path;(s,qUr)
be Path(s, (U ="r) A Ag<;; ~(¢U=/7)), i.e., paths in
which ¢ holds until locationi wherer holds and- does not
hold in locations smaller than We setPathy(s,qUr) to
bePath(s,qU=%),i.e.thesef{r = sy - | s = s0, 50 €

L(r)}.

e For the “if” part, assume that for alt € N there is
k > 0 such thats € [[qUr]s,_1/n[ame. Then,s €
llgUr]sp—1/n[n follows by the monotonicity of the
denotational semantics for “GreaterThan” thresholds.
Thus,s € ﬂneN”[q U r]>p—1/n|]1W = H[q U T]ZPI]JW'

For the “only if” part, lets € [[gUr]>p[as and
n € N. It suffices to find some > 0 with

s € [l[gUr]sp_1/nln; - AsPath;(s,qUr) is of form
Path(s, ) for a path formulax, that set of paths is
measurable. For all# j note that setBath;(s,qUr)
andPath;(s, ¢ Ur) are disjoint. Since

Path(s,qUr) = U Path;(s,qUr)
i>0

and as the latter is a disjoint union, we know that

Probas (s, Path(s,qUr)) = X;>0Probas (s, Pathi(s,qUr))

By definition of convergence for that infinite sum, for
everyn € N there existg > 0 such that

$¥_oProba(s, Path;(s,qU)) > Probas (s, Path(s,qUr))—1/n

As ¥  Proby(s,Path;(s,qU7r))  equals
Probys: (s,qUr) we obtains € [lgUr]s,_1/n[n;
and we are done.

As M is finitely branching, there existssuch that is an
upper bound on the branching degree for all states/jh
It follows thatProbsg (s, ¢ Ur) = Probasg  (s,qUr).

In the case thafl/ has infinite branching the proof is
similar. We have to be more careful in noticing that every
path setPath;(s,qUr) is still measurable and have to be
careful in the way in which we sum up the probability of
the setPath (s, ¢ Ur). But this works out since all infinite

sums have absolute convergence, establishing that for some

k we haves € [[qU7]s, 1/n]m;. The existence of};
as required follows from convergence®foby:  (s,qUr)

to Probyy; (s, qUr). O
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Corollary 1 For labeled Markov chain\/ (S,P, L),
g,r € AP, andp € [0,1]: s & [[gWr]sp[ar iff for all
n € Nthere arek,l € Nwith s € [[gW r]>p 1 1/n]ar -

Proof of Corollary 1.

This follows from Lemma 1 and the duality of weak
and strong until. We have ¢ [[gWr]s,|a iff s €
[[=7 U (mg A =7)]>1-p] a1, Since (semantically)r U (—gA
—-r) is the negation of¢Wr. By Lemma 1,s €
|[=r U (=g A =r)]>1-p ] m holds iff for everyn € N there
isk,l € Nwith s € [[-rU (=g A =r)]s1-p_1/n]ums . L€

il
s € [laWrlspri/nlng - a

Proof of Theorem 1.

Given PCTL formulag, we show these two items by
structural induction on the PCTL formulaein the closure
of ¢, simultaneously on all states 8f. Since exactly one
of s € |¢]a ands & [v[as holds, it suffices to show both
items in Theorem 1 for such<ain their “only if” versions,
which we do by splittingy into six cases:

Case#1.The cases wheti equalstt or ff are trivial. For
example, no state satisfiés and all plays beginning in
(s, ff, V) are won by playek. So we may implicitly assume
in subsequent cases thatp equals neither- 1 nor > 0.

Case #2.The cases whett equalsq, —1, Or ¢1 A 1o are
proved as in the case of Hintikka semantic games for propo-
sitional logic. We illustrate this for the case of conjuicti
and playew:

e Lets € |1 Aa]a. Thens € || forall i =
1,2. By induction, there is a winning strategy; for
playerv from configuration(s, ¢;, V) forall i = 1, 2.
Consider the strategy for playerv which composes
his strategiesv; andw as follows: at configuration
(s,1,V), playerR has to choose as next configuration
some(s, 1;, V) with i = 1, 2. But then playe¥ simply
responds according to his winning strategy. This
describes a winning strategy for playerv from con-
figuration(s, v, V).

Lets & i1 Ao]a. Then there is somg € {1,2}
such thats ¢ [¢;] . By induction, there is a winning
strategyw; for playerR from configuration(s, 1;, V).
Consider the strategy for playerR which composes
his strategyw; with an initial choice as follows: at con-
figuration(s, ¢, V), playerR simply choosegs, v;, V)

as next configuration and then plays according to his
winning strategyw;. This describes a winning strat-
egyw for playerR from configuration(s, i, V).

Case #3.The case whem equals| X ¢1 s, Wheres €
{=,>}



o Lets € [[X9n]wp]m. LetY be the set of states
s’ such thatP(s,s’) > 0 ands’ € [i1[s. From
the latter and induction we infer that playérhas a
winning strategyw, for the configuration(s’, v, V),
forall s € Y. We construct from all of these,.

a winning strategyw for playerv from configuration
(8, [ X1]sap, V) as follows: Sinces € [[ X1 ]sap|ar,
we know thatP(s,Y) < p holds and thaty” is
non-empty as< p isn't > 0. So at configuration
(s, [ X1]p, V) playerVv chooses this seY’. Now
no matter what next configuratio@’, 1, V) playerR
chooses, we havé € Y and so playev will play ac-
cording to his winning strategw, . In particular,w
is a winning strategy for player from configuration
<S7 [le]Np7V>

Lets & |[Xt¢1]wplas. Playerv must choose a set
Y such thatP(s,Y) > p. In making this choice,
playerv would — by induction — lose from configu-
ration (s, [ X41]sp, V) if Y contained some’ with
s" & |1 (for then playeR could respond with con-
figuration(s’, 41, V) and win the resulting game). Du-
ally, playerv can only increase her chances of winning
from configuration(s, [ X 11 |s«p, V) if she adds td” all
statess’ with s’ € [¢1]a andP(s, s’) > 0. Finally,

(s, ¢, V) by first choosing that, and then playing ac-
cording tow,,, .

Case#5. The cases whem equals|a]s, where « is

1 Wahs:
e Let s € [¢]nm. ThenProby(s,a) > p. Thus,

there is someny € N with p + 1/ng < 1 and
Probys (s, ) > p + 1/ng. But thenProby, (s, a) >

p 4 1/ng impliess € [[a]>,41/n,[a. By induction,
playerv has a winning strategy,,, from configuration
(5, [@]>p+1/n0, V). SO playen gets a winning strategy
w from configuration's, ¢, V) by first choosing that,
and then playing according to,,, .

Lets & [¢]ar. ThenProby,(s, ) < p. Thus, for ev-
eryn € Nwithp + 1/n < 1 we haveProby, (s, a) <

p + 1/n. By induction, playeR has a winning strat-
egyw, from configuration(s, [~ 41y, V), for each
n € Nwith p + 1/n < 1. PlayerR can synthesize
from these countable strategies a winning strategy for
her from configurationis, ¢, V) as follows: if playefv
chooses such am € N, then the next configuration is
(s, [@)spt1/n, V) and playeRr plays according tav,,.

| ! _ Case #6.The cases whet equalga]., Where either
playerV has no incentive to add ah € |4 | tO Y if

P(s,s") = 0: this does not contribute t8(s,Y") < p
and only exposes playérto a threat of player to

(8) aisyy Uy andeis >
(b) «ais 1 Waps andrxiis > or
(€) a is 11 U=Fpy or 1p; W =Fepy with & € N andp< is

move tos’. To summarize, if playev has a win-
ning strategy from that configuration, then she also
has a winning strategy from that same configuration
where she choosés as in the previous item. But then

s & [[X1]sap] s Means thaP(s,Y) papis false. So
playerv can only choose a séf for which playerr
can respond with a winning strategy.

Case#4. The cases whe equals|a]>, where a is

1 U o

e Lets € |¢]a. ThenProby,(s, ) > p and so for each
n € Nwith p —1/n > 0 we haveProb,/(s, ) >
p—1/nands € [[a]s,—1/n[n. By induction,
playerVv has a winning strategy,, from configura-
tion (s, [a]sp—1/n, V), for each suc < N. Playerv

can synthesize from these countably many strategies a

winning strategyw for her from configuratiors, ¢, V)
as follows: if playemR chooses any such € N, then
the next configuration igs, [a]~,—1/,,V) and player
V plays according tav,, .

Lets ¢ |¢]a. ThenProbys(s,a) < p. Thus, there
is someny € N with Prob/(s,a) < p —1/ng <
1. But thenProby(s,a) # p — 1/ng impliess ¢
l[@]>p—1/n, |a- By induction, player has a winning
strategywy,, from configuration(s, [a]~,—1/n,, V). SO
playerr gets a winning strategy from configuration
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either> or >:

Lets € |@]as-

The formulax is logically equivalent tabs V(11 A X )

and in case that is bounded the bound decreases by
1. It follows that it is either the case thate |2
ors € [¢1 A[Xalwpla. In the first case, player
V chooses to move to configuratidn, 12, V) and by
induction she has a winning strategy from this con-
figuration. In the second case, by induction there is
a winning strategy for playew from configuration
(s,11,V), so if playerR chooses to go to this con-
figuration, playev wins. If playerR does not move
to 1, then M9 demands that playérchooses a sub-
distributiond : S — [0, 1] satisfying (4)-(5). By as-
sumptions € [[ X a]wplar. LetT be the set of states

t such thatProb,/(t,«) > 0 and P(s,t) > 0. We
choosel such thati(s’) = 0 forall s € S\ T

So it suffices to specify on setT'. For that, letp’ =
SierP(s,t) - Probps (¢, a).

— Consider the case that is >. By assumption
p’ > p. In the case that = 0, we choose some
statet € T such thatProby, (t,a) > 0, we set
d(t) = Proby(t, ) - P(s,t), andd(t’) = 0 for



all t # t. In the case that > 0, letd bep’ —
p. We are going to distribute this gapbetween
all the states ifil" according to the distribution
P(s,-). Thatis, forallt € T'

d(t) = max(0, (Proby (¢, ) — 8) - P(s,t))

In case thatProb,/(t,«) < ¢ we thus have
d(t) = 0 (and so effectively remove from set
T above). Ay’ = Y gProbys (¢, ) P(s, t) and
p > 0 there must be at least one statguch that
Proba (¢, «) > p’ and henc®rob, (¢, ) — § >
0, implyingd(t) > 0. It follows that¥;crd(t) >
§>

- Con5|derpthe case that is >. By assumption

p’ > p. Letd bep’ —p. Forallt € T, let

d(t) = max(0, Proby (t, ) — & - P(s,1))

Again, if Prob(t, «) < 6 we setd(t) = 0. This
completes the specification of sub-distributién
chosen by playev.

Now regardless of the choice of playerthe next con-
figuration is(t, [&]sy, V) such that € [[a]sp |21 SO
playerv maintains the truth value of the configuration.
Notice that also the distance from the promised bound
p’ and the real probability is being maintained.

Case (c): For bounded operators, as the bound de-
creases, in a finite number of steps the play moves to
configurations of the form{s’, ¢;,V) for i € {1,2},
where induction applies directly, and in the desired
manner.

Case (b): For Weak Untilyy Wapo, all infi-
nite plays have a suffix of configurations of form
(s', [1h1 W aba]>p, V) and are thus winning for player
V. Finite plays again reach configurations of the form
(s’ 4, V) for ¢ € {1,2}, where induction applies di-
rectly.

Case (a): For (strong) Until, we appeal to Lemma 1.
We treat subformulae); and v, as propositions
(respectively, theg and r in that lemma) and an-

notate states ofM by iy and v¢». Letp’ =
Probys (s, 11 Uty). By assumptionp’ > p. In
particular, s € [[¢1 Uts]>p|m. Letn € N be

such thaty’ > p’ — 1/n > p. By Lemma 1 (ap-
plied to p’ instead ofp), there arek,l > 0 with

€ 1 Utolsp—1/mlar, and so the probability
of Y1Uysin My, ats is greater thamp. Playerv’'s
strategy is to consider this systemt; ;. She chooses
sub-distributionsl: S — [0, 1] according to the prob-
abilities Proby: (t,«) (instead ofProby(t, o) but
as explained above) By definition 6f;, there can
be only finite sequences of conflguratlons of the form
(¢', [a]>p, V), and so playev wins (cf. Example 7).
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o Lets ¢ |]¢5|]M

It follows thatProb,/(s, ) < pin case that< is >;
andProbj, (s, a) < pin case that«is >. As aboveq

is logically equivalent tay, Vv (¢¥1 A X ) and in case
thata is bounded the bound decreaseslbit follows
thats ¢ |v2]n and hence there is a winning strategy
for playerR from configuration(s, v», V). Also, it is
either the case that ¢ [v1]ar OF s & [[Xaop]as-

In the first case playek has a winning strategy from
configuration(s, 11, V) and chooses this configuration.
In the second case, playechooses a sub-distribution
d: S — [0, 1] such that (4)-(5) hold.

We claim that there is som# € S with d(s") > 0 and
Proby(s", ) ta d(s")P(s,s")~ 1. Proof by contradic-
tion: otherwise Prob,,(s’, «) > d(s’) for all s” with

d(s") > 0 implies that

Z Prob s ( s , Q) Zd

s'|d(s")>0 s'es

by (4). But this renders

Z Proby (s, ) <

s'|d(s")>0
which directly contradicts ¢ [[ X asp]as-

Thus, playeR can choose such ah and maintain the
play in configurations of the fornjs’, [, , V) such
thats’ & o] [ 2. Notice that playeRr can choose
a successot’ such that

p’ — Probys(s',a) > p — Proby (s, a)

i.e., the gap between the promise and the actual proba-
bility does not decrease.

We now study the consequences of this capability of
playerR for the different forms of path formula in
this case:

Case (c): For bounded operators, as the bound de-
creases, in a finite number of steps the play moves to
configurations of the fornis’, v;, V) fori € {1,2} and

so playem® wins by induction.

Case (b): For (strong) Until formulae, infinite plays
of configurations of the forn{s’, [¢1 U ¢2]ip, V) are
winning for playerr by the winning conditions for in-
finite plays. Any finite play reduces to configurations
of the form(s’, ¢;, V) for i € {1,2}, where induction
applies directly, and in the desired manner.

Case (a): For Weak Until formulae, we appeal to
Corollary 1. As before, we treat; and, as propo-
sitions and annotate states bf by them. Letp’ =
Probys (s, 11 Wby). By assumptiorp’ < p. In par-
ticular, s ¢ [[1 Wo]sp|a. Letn € N be such



thatp’ < p+ 1/n < p. By Corollary 1 there are
k.l > 0with s & [y Weba]>p41/n]ng, and so
the probability ofyy W, in M}, at s is less than
p. PlayerR’s strategy is to consider this systef; .
Letd: S — [0,1] be the sub-distribution chosen by
playerv. Ass ¢ [[11 Wip2]>p[arg . there is some
s’ € S such thats’ ¢ ”[1/)1 WwQ]Zd(s/)P(s,t)*lﬂM,iyl-
So player chooses this’. By definition of M/} , there
can be only finite sequence of configuration of the form
(s', [a]>p, V), and so player wins. This is dual to the
strategy depicted far in Example 7.

Proof of Theorem 2.

Assuming that there exists some winning strategy for
player C in game Gy,(s, ¢), it suffices to show that a
slight modification of the winning strategy synthesized in
the proof of Theorem 1 is memoryless, locally monotone,
and cyclically monotone. That slightly modified strategy
will clearly be memoryless by construction. We now de-
scribe this modified winning strategy and first prove its lo-
cal monotonicity, by induction as in the proof of Theorem 1.
Then we prove that it is cyclically monotone.

Modified winning strategy and its local monotonic-
ity.  The only configurations where playet needs
to make choices arés, [y, C’), (s,91 V12,C), and
(s,101 Ao, IC).

With the latter two, we restrial’s strategy to choose,
whenever possible and only when impossible chopse
This is similar to what one can do in Hintikka games for
first-order logic. We show that the way configurations of
the form (s, [a]p, C') are handled induces a memoryless
and monotone strategy.

If @« = X4, then the strategy defined in the proof of

Theorem 1 chooses the set of successors according to the

states, and is clearly memoryless.

If Ic = ¢’ and eitherae = )1 U)o andix > or
a = Y1 Wy and = >, then playerC has to choose
a valuen. By choosing the minimal possibteshe ensures
that the strategy is memoryless.

Consider two configurations (s, [@]s,,C) and
(s, |@]=ps»C).  Whenever the play moves to configu-
rations of the form(s’, ¢;, V) for i € {1, 2}, the strategy is
memoryless, locally monotone, and cyclically monotone
by induction. We start with proving local monotonicity for
moves that may choose sub-distributions.
1. For configurations wherex 1 Waps, «
1 W =Fahy, or o = 1y U =Fepy, andC = ¢’ we claim that
the strategy composed in the proof of Theorem 1 is locally
monotone by induction. Intuitively, this can be seen by the
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strategy using the gapbetween the probability of the for-
mula and the required threshold. The strategy partitioiss th
gap between all successors, so if the same state is visited
with different thresholds the partition of the gap implibatt
the distribution decreases.

Let p’ Probys(s,a) and o; = p’ — p; for i €
{1,2}. According to the proof of Theorem 1 in configu-
ration (s, [a]sp, , C) playerc chooses the distribution

d;(t) = max(0, (Probps(t, ) — d;) - P(s,t))

It follows that if p; > p, then for everyt € S we have
dy(t) > da(t). If follows that if p; = ps thend; = do.
Consider the case that > p, Thenp; > 0 and for some
we haved; (t) > 0 andd; (t) = Probys (t,a) — 1. Asd <
do andds(t) = Probys(t, ) — d it follows thatd; (¢) >
da(t).
2. For the case where 11 Uty and C c’, the
strategy as defined in the proof of Theorem 1 is not lo-
cally monotone. We maodify it as follows: For every con-
figuration (s, [1 U 42]~,, C) the sub-distributionl is cho-
sen according to the minimél such that some fraction of
Prob: (s, ) is greater tham. The exact definition of this
fraction is given below. Furthermore, we use the gap be-
tween Prob (s,a) and ProbMijil(s,a) to ensure local
(and later cyclic) monotonicity. The definition of the sub-
distributiond and the proof itself are quite technical.
Consider the configuratioks, [o]~,,C). We assume,
without loss of generality, that ¢ [v2]r. We measure
the exact probability to satisfy within i steps. For every
tesSlet

ng = Proby(t, @)

Proby: (¢, &) — Proby: (¢, )

t
n;

Consider the following increasing sequence:

t

n

N, = 2

0 2
N! = N}, +%i nt (i >0)

J=09i+1—j

7.t 3.t 1.t t
y §n0+znl-+§n2,N3 =
3nk + inf, and so on. Notice that

lim N} = Proby: (¢, @)

11— 00

Let iy be the minimal such that
ZtestOP(&t) >p
By abuse of notation for > 0, we denote

Ni = YiesNiP(s,t)

(3



That is, N¢ is the sum of the differenv! ; normalized by
their probabllltles to get from to ¢. To srmpllfy notations,
fori < 0 and for allt we set

Nl =N, =0

The valueN/ P(s,t) is going to be the basis for defining
d(t). Notice that it must be the case th¥f < p and that
N} — Nf _; > 0. In order to maintain local monotonicity
we drstrrbute the gap between the required threshadd
N; between all the statgsvhereN/ ., > 0. We have to
be extremely careful with the statefor which N = p.
For these states, we take a constant fractioNhf— N}
and distribute it among the successarsNe then have to
scale the distributiod for all statess for which this constant
fraction surpasses the required bound.

We setd(t) as follows:

d(t) =
(Nt (F+ 3w ) (VL = L)) Pls.)
Itis simple to see that

F40>

Indeed, ZS d(t) is the sum of the following three expres-
te

sions:
P NO P(s,t) = N;,
Nt — N! NS . — N$
to—1 ig+1 30
tgs 4 N (8, ) 4
3_pP—N; t t 3
(N, — N, P(s,t)==(p— N?
tes 4 Ng i — Nfo (Vi io—1)P(5,1) 4(p 2)

As N; ., > pthe result follows.

Furthermore when going to some succegsof s the
choice ofi, for s implies that for the choice of the sub-
distribution d for ¢ some valuei, < i, is going to be
used. Thus, the sequence of configurations of the form
(t', [a]>p, C) Is finite and playec is winning.

We show that this definition of the sub-distributian
implies local monotonicity. Consider two configurations
(s,|a]>p,,C) and(s, [@]>p,,C). Letd; andds be the sub-
distributions chosen by in these configurations and g}t
andi3 be the values used to defidg andds, respectively.
By definitiond, (¢) is in the open interval

(N,

J
ip—1

P(s,t),N% P(s,t))

%0
for j € {1,2}. By definition if p; = ps theni} = i3 and it
follows thatd; = dy. Similarly, if p; > ps theniy > 2. If
iy > i3 the strictness of; > d; follows from the strictness
of the sequencd’!. If i} = iZ thend; > dy asp; > po.
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Cyclic monotonicity of modified winning strategy. We
turn now to consider cyclic monotonicity. Consider the con-
figurations(s, [a]sp,, C') @and(s, [a]sp,, C’) that appear in

a play consistent with according to this order.

e Consider the case where P11 Wahs, «
1 W =Fehy, or v = 11 U =F4py andC = ¢’. The strat-
egy defined in the proof of Theorem 1 is also cyclically
monotone. Indeed, from configuratig®, [&]sqp, C)
where

Probys(s,a) —p =146

we pass to configuratiof¥, [a].«,,C) and we know
that

Probys(t,a) —p' =6
Hence, if configurations (s,[a]wp,,C) and
(s, |a)py»,C) appear in the same play we have
p1 = p2.
Consider the case where = 1 Uy andC = C’
and the strategy defined above. Lgtbe the bound
used for choosing the sub-distributidrin configura-
tion (s, [a]>p,, C). By construction values smaller than
iy are going to be used to define the sub-distributions
in successor configurations. It follows that if config-
uration (s, [a]sp,,C) is visited, a valueiz < i} is
going to be used to define its sub-distribution. From
the strictness of the sequend€ (and N7) and as
N;g <p; < N:g;ﬂ it follows thatps < p;.

Consider the case where= v, U)o, a = 1 U =F,
or « 1 WSkyy andIC = C'. Let p
Proby(s',a) andé; = p; — p’ fori € {1,2}. Let
d be the distribution suggested by playerin con-
figuration (s, [a]wp, , IC). By definition ofd we have
Yiesd(t) > p1. By assumption(s, [a]wp,,!C) is
reachable froms, [&]w, , !C), SO both players do not
choose to go to configurations of the forft) ¢, IC)
fori € {1,2}. If follows that

Probys (s, o) = XiesP(s,t)Proby (¢, )

We know that
Yiesd(t) > p' + 01

Then, there must exist some= S such that

d(t) - P(s,t)™" > Probys (¢, &) + 61

It follows that if playerC chooses this statiethe gap
between the actual probability and the threshold does
not decrease. Thysg < po.

Consider the case whete = )1 W1, and!C = C'.
Then the proof is similar to the previous item. By as-
sumptionC wins from (s, [a]>,,!C) and hences ¢



l[o]>p, [ar. Letp” = Probp(s, ). As playerC wins
from (s, [a]>p, ,!C) we conclude thap’ < p;. In par-
ticular,s ¢ [[1)1 W12]s, | a- Letn € N be such that
p’ < p+1/n < p. By Corollary 1 there aré,l > 0
with s ¢ [[1)1 W tba]> 41/ [z, @and so the probabil-
ity of 11 Wby in M7, at s is less tharp;. PlayerC
iS going to use systeiM,jJ to guide her decisions. As
usual

ProbMi;J (s,a) = Xes,  P(s, t)ProbMi;J (t, @)

Let
p" = Probs:  (s,0)

As mentioneg” < p;. Letd; = p; — p” and letd be
the distribution suggested by playéerin configuration
(s, [a]>p,, C). By definition ofd we have

Siesd(t) > p1 =61 +p"
Then, there must exist some= S such that
d(t) - P(s,t)~" > Probys (t,@) + 61

It follows that if playerC chooses this statethe gap
between the actual probability i/} ; and the thresh-
old does not decrease. We show below in Lemma 2
that when visiting the same state againiify; the
probability of « increases. Hencey > p;.

Lemma 2 Let M be a labeled Markov chairg and » in
AP, o the path formulag W r, and M}, given for some
states of M andk, [ € N. Lett and¢’ be different states in
M;; , that both correspond to some stateof M/ such that

e thereis a path front to ¢ in ¢ in M} ,, and
e ¢ holds throughout the unique and finite path from the
root of M, tot'.

If we haveProbys: (t,«) < 1, thenProby: (', ) >
Probyy: (t, o) follows.

Proof.  As Proby: (t,qWr) < 1 it follows that there

is some “leaf"t” in M}, that is reachable fromin M},
such that the unique finite path frotrto ¢ in Mg, does
not satisfyg Wr. As M}, is an unwinding of2Z, it fol-
lows that the subtree reachable framin M, is con-
tained in the subtree reachable franin M ;. Clearly,
Probasg (', ) = Probass (¢, ). Indeed, if a path satis-
erSqW r then every prefix of the path also satisfigd/ r.

We use proof by contradiction to argue that there is a path
from ¢ that does not satisfy W r and does not pass through
t’. Assume such a path does not exist. Then every path be-
ginning int that does not satisfy W r has to pass through
t'. However, botht andt’ correspond to stat€ in M. It fol-
lows that the only option to falsify W r in gameG,, (s', «)

is by “going in a loop” from state’ to itself. But by as-
sumption all states on the path betweemndt’ satisfyq, a
contradiction. O
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